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Abstract. We consider bootstrap percolation on the Hamming torus and calculate the threshold functions 
for subgraphs of different dimensions to become open. We show that the threshold function for 1-dimensional 
subgraphs is distinct from higher dimensional subgraphs, while the threshold functions for i dimensional 
subgraphs, i > 2, are very closely bunched. 



1. Introduction 



Bootstrap percolation is a model for various physical phenomena including crack formation, clustering, 
sandpiles, and the Ising model of ferromagnetism which was introduced in 1979 by Chalupa, Leith and Reich 
[7]. For more applications and background see J. Adler and U. Lev, Bootstrap Percolation: visualizations 
and applications [Ij. 

Given a graph G = (F, E) , bootstrap percolation with threshold T is defined as follows. Given an initial 
configuration oj G {0, 1}^, bootstrap percolation is an increasing sequence w = luq, uji, . . ., defined by 



The initial configuration u is random; {uj(v) : v e V} is a collection of i.i.d. Bernoulli random variables with 
parameter p = p{n). The central question in bootstrap percolation is to determine the critical probability 

Pc = Pciji) such that 



Bootstrap percolation has been studied on various graphs. The first results were by van Enter and 
Schonmann, who proved that the critical probability for Z'' is either or 1 according to whether T < d or 
T > d 10 . Aizenman and Lebowitz considered bootstrap percolation on the finite grid [n]'^ and T = 2, and 
showed that the critical probability is on the order of (j^)''"^ [2,. Later, Cerf and CiriUo for d = T = 3, and 
Cerf and Manzo for general d and T showed that the critical probability is on the order of {\ogrp_i 
with \ogq^_i denoting the iterated logarithm [6] [5]. 

The first sharp description of the critical probability was due to Holroyd, who showed that for d — T — 2, 
P ~ isiC^ra + (logn) IH]-This result is highly celebrated as it revealed different results than simulations 
indicated due to a "crossover" phenomenon. Later Balogh, BoUobas, and Morris determined the sharp 
description of the critical probability for d = T = 3, and Balogh, Bollobas, Duminil-Copin, and Morris found 
the critical probability for all d and T [3^ 

Besides varying the dimension of the lattice or its threshold, one can also vary what the neighborhood 
of a point is. In [6] Holroyd, Liggett and Romik study fc-boostrap percolation in two dimensions, in which 
the neighborhood of a point consists of the k — 1 points in each axis-parallel direction, with the percolation 
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threshold T — k. In this case they determine that the critical probability is asymptotically ■^^j.^i'^ iog„ [S]. 

In this paper we consider bootstrap percolation on the Hamming torus with vertex set V = [nY , where v 
and w are adjacent iff z; — w has exactly one nonzero coordinate. This model is similar in spirit to taking 
A: = oo of the above model. That is, the neighborhood of a point v is the union of the axis-parallel lines 
through V (although the threshold T remains fixed). With such large neighborhoods, we get a qualitatively 
different critical probability than in the above results. Instead of having pc — O(j^^g^) as we saw when 

d = r = 2, it is easy to see that the critical probabilities in our model are of the order n~^~^ for /3 > 0. In 
addition, the models above exhibit a single sharp threshold, below which growth stopped quickly and was 
limited to small subgraphs; and above which the entire graph became open with high probability. When 




1) = 1/2. 



= 2 wc sec a similar phenomenon. We find a critical probability pc such that when p = o{pc), then with 
high probability wq = Woo 1; and when p grows faster than pc, then with high probability Woo = 1- We 
also determine the exact function pc in this case. 

Howc!vc!r, in dimensions 3 and greater we find two distinct thresholds. Below the first threshold, growth is 
small. Between the two thresholds, there is a high probability of lines (one-dimensional subgraphs) becoming 
open, but asymptotically almost surely there are no two dimensional subgraphs that are eventually open 
and the graph itself does not percolate. Above the second threshold, 2-dimensional subgraphs become open 
with high probability. We can also define a similar such threshold for subspaces of dimension i, 1 < i < d, 
It remains an open question to determine if the thresholds for dimension i are distinct for i > 2. In the next 
section we give rigorous (but not the strongest) statement of our results. In the subsequent sections we state 
(and prove) our results in their full generality. 



2. Statement of Results 
Let F be a family of subsets of [n]"^. Then 

Pp(3/eF: a;cx,|/ = l) 

is an increasing function in p. For Fj the collection of i-dimensional subgraphs of G, there exists a threshold 
function Pc{i, d) such that 

Fp.(M)(3.f eF. : cuoo|/ = l) = .5. 

If uji(v) = 1 we say v is open at step i, and a set 5* C 1/ is open if each i> e 5 is open. 

The smaller that i, is the easier it is to calculate Pc{i, d). For i = we have a second critical probability. 
We would like to define p*{Q,d) to be the threshold function for ^ wg. Unfortunately, this is not an 
increasing event. So instead we define p*{0,d) to be the threshold function for the event 



Above Threshold = i 3w : ^ > T I . 



We conjecture that for alH > 1 and d, Pc has the following form. 
Conjecture 2.1. For all i and d and n sufficiently large 

Pc{i,d)=n ^ t3/2 ^ 

We make substantial progress to proving that this is the case for all i and d, but in general we are only 
able to prove that if n is sufficinetly large with T then 



Pc{i,d) = n 



.£i4ii;a_e(T-3/2) 



In general for fixed n, d and i we get bounds on the critical p, but the precise boimds that we get are quite 
messy to state. In the rest of this section we put all of our results in a common form. Many of the theorems 
have are given in a stronger form in the following sections. 
When d = 2 we get our most precise answer. 

Theorem 2.1. Letd = 2,k= \T/2\ > 1 andp = an''^-^ . Then 

[l-e-^^'/fc! ifTisodd, 



P(Woo = 1) 

Thus 



[(1-e-" /*^')2 ifTiseven. 
Pe(2, 2) = pe(l, 2) = p*{0, 2) = n-^-*+°(^"'''). 



Furthermore 

P({woo wo} \ {Wco = 1}) =o(l). 
We are also able to calculate Pc{0, d) and pc{^,d) for all d > 2 quite precisely as well. 
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Theorem 2.2. Let p ^ f{n)n-^-- and d,T>3. If f{n) then 

P{Above Threshold) 

and if f{n) — >■ oo then 

P(3 a line L such that lOooIl = 1) — > 1. 
Thus ci(l, d) = d and 23/2(1, d) ~ 0. 

We can also get good bounds on Pc(2, d), the threshold for existence of two dimensional subspaces in the 
final configuration. 

Theorem 2.3. Fix d and T. For n sufficiently large 

„-i-f-^737^ <p^{2,d) < n^^^^^^. 

There has been no attempt to optimize the constants 1 and Ad^ + 2 in the above theorem. 
The higher the dimensions i and d become the more difficult it becomes to calculate Pc{i,d). However 
Theorems 12.21 and 12.31 are sufficient for us to get bounds on pdi, d) for alH, d > 2. 

Theorem 2.4. For all i and d and sufficiently large n 

Proof. It is easy to see that pdi, d) is nondecreasing in i and decreasing in d. Also pdd, d) is decreasing in 
d. To see this last inequality note that when n > 3T and d = j + 1 

Pp^(j j)(3 at least T i such that i^oo|(i, *,*,■■■ ) = 1) > 1/2- 

The event on the left hand side implies that = 1 and thus 

Pdj + l,j + 1) < PdjJ) 

and inductively 

pdd,d) < Pc(3,3). 

So 

Pc(2, d) < pdt, d) < pdd, d) < pd3, 3). 

By Theorem [12] 

1 2 i+°(i) 
J5c(2,3) <n t3/2 . 

By coupling it is easy to see that w chosen when p = IQTpd^, 3) stochastically dominates the union of lOT 
independent oj' chosen with p = pd^, 3). Then by the definition of Pc(2, 3) 

IPioTpc(2.3)(3 at least T i such that Wtx)|(i,*,*) = 1) > 1/2- 

The event on the left hand side implies wjoo = 1 and thus 

Pc(3,3) < 10Tpe(2,3). 

And putting this all together for all d > 3 and 2 < i < d 

1 2 40+o(l) 1 2 2 + o(l) 

n ^ T3/2 <pd2,d) <pdi,d) <pdd,d) <pd3,3) <10Tpd2,3) <n ^ tV2 
which is the desired result. □ 

Remark 2.5. The above theorems hold for n sufficiently large. We could calculate how large n needs to be. 
Doing so involves a close look at the constants in the following sections. These constants depend on T. In 
order to get the all the proofs to work we must choose n to be roug hly e^ ' . As our calculations were 
optimized for ease of calculation, not to get the best possible bounds, we do not worry about for exactly 
which values of n our theorems apply. 

The rest of the paper is organized as follows. In Section |3] we find the threshold function for the two- 
dimensional case. In Section 2] we establish the threshold function for a line to become open. In Section 
[5] we establish an upper bound on the threshold function for a plane to become open and in Section |6] we 
establish a lower bound the threshold function for a plane to become open. 
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3. 2-DIMENSIONAL RESULTS 



In the two-dimensional case we can describe the limiting behavior exactly as n — cxd. Let k = \T /2\ and 
p = an~^~i for some constant a. Also assume fc > 1; the cases T = 1 and T = 2 are easy to work out 
separately. (For T = 1, Woo = 1 if and only if ujq 0; for T = 2, uico = 1 asymptotically if and only if luq has 
at least two points open). 

Lemma 3.1. Let k — \T/2] and p = an^^^i . With probability going to 1, there are no lines with at least 
k + 1 points initially open. 

Proof. The probability that a given line has fc + 1 points initially open is bounded above by {f/li)p''^^ < 

Since there are 2n lines the union bound shows that asymptotically almost surely, none of them 
have fc + 1 points. □ 

Lemma 3.2. Let k = \T/2] and p = anr^^^. Fix constants A,B. With probability going to 1, there are 
at least A horizontal (vertical) lines with fc — 1 points initially open. Their fc — 1 open sites may be taken to 
avoid any B fixed vertical (horizontal) lines. 

Proof. The probability that a given horizontal line satisfies the conditions is bounded below by ("^Zf (1 — 

are n horizontal lines so the mean number of such lines goes to oo. Therefore 
the probability that there are less than A of them goes to 0. □ 

Let i?horiz be the event that some horizontal line has at least fc points initially open, and invert the 
corresponding event for vertical lines. 

Lemma 3.3. Let Ehonz ° Evert be the event that Ehoriz and Evert occur disjointly. Then 

P{{Ehoriz n Eyert) \ (Ehoriz ° Ey^rt)) ^ 0. 

Furthermore, 

P{Ehor^z n Everi) P{Ehor^z)P{E,ert) = (1 ^ e-"'/'^')^ 

and 

P{Ehor^z U E.ert) ^ 1 - ( (e""' Z'^' )2 . 

Proof. Since i^horiz and invert are increasing events, by the FKG inequality we have P(£'horiz H invert) > 
-P(-Ehoriz)f (-Evert)- By the BK inequality we have P(£;horiz)-P(-Evert) > P{E\,oiiz ° -Evert)- But (Ehoriz n 
-Evert) \ (-Ehoriz o EJvert) happens Only if some point is open but each crossline has exactly fc — 1 open. The 
probability of which is bounded (by the union bound) by 
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Thus asymptotically, P(E;horiz n E^vert) ->■ -P(Ehoriz)-P(Evcrt) = -P(Ehoriz)^- But Ehoriz is exactly the union 
of n independent events with probability asymptotically ^n~^; so by Poisson approximation, the chance of 
its success is asymptotically 1 — e""*"/*^'. 

□ 

Let F be the event that the entire graph becomes open; i.e. F = {iOoo = 1}- 
Lemma 3.4. IfT is even, P{FA{Ehoriz(^ Ey^rt)) 0, while if T is odd, 

P{FA{Ehor^z U Eyert)) 0. 

Proof. If T is odd no percolation can take place unless there is some line with at least fc points initially open. 
So E C iJhorizU Evert- K T IS cvcu, then by the pigeonhole principle and Lemma lSTl P(E\ (i?horizUEvort)) ^ 0. 

Now suppose T is odd and Ehoriz U Evert occurs. Then some line L has fc points open initially. By Lemma 
13.21 there are T lines { J^} parallel to L, each with fc — 1 points open. Again by Lemma \S7I\ there are T lines 
{Hj} crossing L, each with fc — 1 points open, and with their open sites avoiding the Ji and L. For each 
point of intersection, v, of Hj and E, v has T neighbors open: fc — 1 from Hj and fc from L. Thus v goes on. 
Since L has T points open, L becomes open. Now for each point w of intersection of Hj and J;, w sees 1 
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open neighbor on L, and k — 1 open neighbors each on Hj and Ji, for a total of T. Thus w becomes open. 
Since there are T such points on each Hi and Ji , these 2T lines become open, and the entire graph becomes 
open. 

Finally, suppose T is even and £^horiz H invert occurs. With probability going to 1, we may assume 
-Ehoriz ° -Evert occurs by Lemma 13.31 That is, there is a horizontal line L and a vertical line L', each with 
k points initially open, excluding their point of intersection. This point of intersection becomes open. By 
Lemma 13.21 there are T lines in each direction, Ji and J/, each with k — 1 initially open points, and such 
that no open sites on one line meet any other lines. Then every point of intersection between L and J-, and 
between L' and Ji, sees T = (fc + 1) + (fc — 1) open sites, so it becomes open. Then L and L' have T open 
sites, so they become open. Then every point of intersection of a Ji with a J^ sees 2 + 2(fc — 1) = T open 
sites, so becomes open. Now as in the odd-T case, the entire graph becomes open. 

□ 

Theorem 3.5. Let T > 3, p = an^^^i where k ~ \^~\ . As n —i' oo, 

, f (1 -e-''''/fc!)2 ifTiseven, 
"^cx, ' |l - (e-"'/fe!)2 ifTisodd. 

Proof. This follows from Lemmas 13.31 and 13.41 □ 

4. One-dimensional subgraphs 

One mechanism for a line L to become open is for it to start with a < T vertices initially open, and to 
intersect one line with T — a sites (not on L) initially open and T other lines, each with T — a — 1 sites 
(not on L) initially open. Then after one step, L has a + 1 points open, and after two steps, T points open. 
After three steps L is completely open. We now introduce some notation to use this method to get an upper 
bound on the threshold function for lines. 

For a set C ^ and a; € N, let Initial {S, > x) be the event that the set S has at least x points initially 
open, i.e. 

Initial {S, > a:) = < ujq{v) > x> . 

[ves J 

For a point v € V, let Pi, 2(1^) be the ei, e2-parallel plane through v. 

PiA^) = {(ai,a2,W3,i'4, ■■■,Vd) ■■ ai,a2 € [n]}. 
Let L2(v) be the e2-parallel line through v: 

L2{v) = {(wi,a2,W3,'!^4, . . . : a2 G N}- 

For any ei -parallel line L, define 

Li — {w <E L,wi < n/3}, L„i = {w £ L,n/3 < wi < 27i/3}, and Lr — {w L,wi > 2n/3} 
to be the left, middle and right thirds of L. Define 



Cross Lines™(L) - <^ ^ llnitial(L2(.),>T-a) ^ ^ 



Cross Lines,(L) = I ^ llnitial(L.(.),>T-a-i) > ^ \ 

and 

Fl = Initial {Li, > a) Cross LineSm(i) Cross LineSr(L). 

Notice that the event depends only on the sites in Pi. 2(1') for any v G L. Also note that 

Cross LmeSm{L) = Cross Lines™ (-^') and Cross LineSr(i) = Cross LineSr(i') 

for any ei parallel lines L and L' that lie in a common 61,62 plane. Finally, note that Initial (L;,> a), 
Cross LineSm(i), and Cross LineSr(i) are independent, and Initial (L/,> a) and Initial (LJ,> a) are inde- 
pendent. 
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Figure 1. An instance of the event F^. Here T = 6, a = 3. After one step the intersection 
of Hnes L and L' becomes open so L has a + 1 vertices open. At step 2 the T intersections 
with L and the other T vertical lines become open. At step 3 all of L becomes open. 



Lemma 4.1. If L is a line parallel to the ei axis and Fl occurs, then the entire line L is open after three 
steps. 

Proof, liv & Lm and the event 

Initial (Li, > a) Q Initial (^2(1^), > T-a) 

occurs then v has at least T neighbors initially open and v is open after one step. Then there are at least 
a + 1 sites open in Li U after one step. Thus if Fl occurs there are at least T vertices in that are 
open after two steps. Thus the entire line L is open after three steps. □ 



Remark 4.2. F^ is chosen due to the independence of the events involved, which makes computations easier. 
A more natural definition would not restrict the orientations of the lines, or the left /middle/ right sections 
thereof. By restricting the event in this way we reduce the probability of Fl by a constant factor, independent 
of n. 



We set a 



{d-l)T 



1 and p = n ^ t f{n), where /(n) is any function such that f{n) — >■ cxd. We will 
show that in this regime some line becomes open asymptotically almost surely. 

Lemma 4.3. Fix v € V and T,d > 3. Let p = n~^~'T f{n) where f{n) — > cxd. Then for any c > 0, 
the probability that there exists an ei-parallel line L in Pi,2{v) such that Fl occurs is at least cn?~'^ for n 
sufficiently large. 

Proof First note that when T > > 3 then ad/T > 1 as 

c.<!/r>(<i^-i)|><!-i-<!/r. 



The right hand side is greater than 1 except if d = T = 3. For now we assume that at least one of d and T 
are greater than 3. 
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The three events that define Fl depend on disjoint sets of sites, so they are independent. Also only the 
first depends on L. For any L 

P(Initial {Li, > a)) > (^^^^p"{l - p)"/^-" 

> ci(np)« 

> ci(/(n)n-'^/^)«. 

Provided that f{n) does not grow too quickly the right hand side is much smaller than 1/n so we get 
¥{3L such that Initial (L;, > a) occurs ) > .5cin(/(n)n"'*/^)". 
The second probability is bounded below by the probability that a 

Binomial (n/3, (^^ ^ ^P^~"(^ ' P)""^^""^) 
random variable is at least one. If /(n) doesn't grow too fast then (n/3)39'^-"(l - p)"-^^-") < 2 and 



P(Cross Lines„(L)) > (1/10) (n/3) (^^ _ ^jp' ""(1 - p) 
> C2n{np)^~°' 

The third probability is bounded below by the probability that a 



Binomial (n/3, _ ^^^—^(l - p)"-^^— 



random variable is at least T. Its expected value is 



> C3/(n)^-"-Vi-''+(«+i)T 

As this goes to infinity the probability that it is bigger than any fixed number goes to 1. 
Multiplying together the probabilities we get for any c 

P(3 L in Pi^2{v) such that that Fl occurs) 

= P(3L such that Initial (i;, > a))P(Cross Lines„(L))P(Cross LineSr(L)) 
> .5cin(/(n)n-'^/^)«C2n(/(n)n-'^/^)^-"(l/2) 



As the probability of this event is monotone in /(n) we can remove our restriction that /(n) does not grow 
too fast, and the lemma is true. The case when d = T = 3 is almost identical except the roles of the first 
and second events are reversed. This happens because a = l<T — a = 2. This is the only choice of d and 
T for which a <T — a. We leave the details to the reader. □ 

Theorem 4.4. Suppose p — n~^~ t f (n) with f{n) — >■ oo. Then P(Ul^l) — > 1 as n ^ oo, where the union 
is taken over all e\ parallel lines. Thus with probability going to 1, some line becomes open after three steps. 
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Proof. We can choose n'^ ^ distinct Vi such that Pi,2{vi) are disjoint. Then the events that there exist L in 
-Pi, 2(^1) where Fl occurs are independent. Thus F{UlFl) is bounded below by the probability that a 

Binomial(n'^~^, P(3L in Pi,2(wi) such that Fl occurs)) 

is at least one. The expected value of the latter is 

nd--^f>(3L in ^1,2(1^*) such that Fl occurs) > n'^^'^cn^^'^ = c 

for any fixed c. Thus P(UlFl) ^1- □ 

Theorem 4.5. Let p = n-^-'^/'^ fin). If f{n) 0, then P{Above Threshold) ^ 0. 

Proof. We compute the expected number of points that become open at the first stage. First let f{n) — >■ 0. 
Using the union bound, 



P( Above Threshold) < ^ P [ ^ wo(w) > T ] 
= n''P ( ^a;o(w) > T J 



< f[n)^ 

which approaches since f{n) — >■ as n — >■ 00. □ 

Proof of Thm 12.21 Combining Theorems 14.41 and 14.51 proves the result. The assuption that T > 3 is 
needed so that a>l. □ 

5. Sufficiency for planes 

As with lines, we will give a critical probability and an event Fp such that if Fp occurs, then the plane 
P becomes open, and such that UpFp occurs asymptotically almost surely. Again we will restrict the event 
Fp for ease of calculation. 

Fix a point v = (vi, U2, . . . , Vn). As before, define P — Pi, 2(1") to be the ei, 62 plane containing v. Split 
P into four quadrants Qi, i = f , . . . , 4, with the same usual labeling as the quadrants in (with the origin 
(n/2, n/2).) Also, for 6, c e [n], define lines Li(6) 

F\if)) ^ {{e,h,Vi,. . . ,Vd) : e G [n]}, 

and quarter lines QLiic) 

QL2{c) = {(c, 6,1)3, .. .,Vd) ■■ 3n/4 < e <n}. 
Fix some a,l < a < T - we will determine a later. Let Ap be the event that in the bottom half of 
quadrant 1, at least a ei-parallel lines have points initially open: 

"^P^ \ hmtia\{L,ib)nQu>^^) - " 

[n/2<6<3n/4 

and Bp be the event that in quadrant 2 there are at least T 62 parallel quarter lines with vertices 
initially open and in quadrants 3 and 4 there are at least T ei-parallel lines that have 2-=^ vertices initially 
open: 

^P= \ J2 hmtia[{QL2(c),>i:^) ^ ^ f n ^ J2 llnitial(Li(f,),>2:^) > ^ ^ 

[c<n/2 J \^b<n/2 J 

Let Fp = Ap n Bp. 

Lemma 5.1. If P is a plane parallel to the 6162 plane and Fp occurs, then the entire plane P is open after 
four steps. 
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Figure 2. An instance of the event Fp. Here T = 6, a = 2. After one step the T half Hnes 
in Q2 all have (T + a)/2 vertices open. After 2 steps the T lines in Q-j, U all have at least 
T vertices open. After 3 steps those T lines are all open and after 4 steps the entire plane 
P is open. 



Proof. After one step, each intersection of a Qi — Q2 pair sees 2-±^ + = T open points, so such vertices 
become open. Then in step 2 a (Q3 U Q4) — Q2 intersection is either open or has + = T neighbors 
open so it becomes open. There arc T of these intersections on each U Qi line, so at step 3 we see T lines 
become open, so the entire plane P becomes open by step 4. □ 

We set p = n "^-^ . We will determine a later, such that the following holds: 
(5.1) - 2a^ - (d- 2)a+ (d- 2)T > 0. 

First we work on showing that the probability of Bp is close to one. 

Lemma 5.2. Let a be as above andp = n~^~T^f{n) with f{n) 00. Then for a given quarter line QL, 

n ■ P (^Initial (^QL, > 00. 
Proof. As long as f{n) does not grow too quickly, we have for some c > that 

Initial (qL,> ^)) > (?^)p-i-(l-pr--i- 

T — a 

> c{np) 2 

= cn'^ f{n)^^ 

Multiplying by n completes the proof. □ 

Remark 5.3. In the proof of the preceding lemma, as well as several following, we assume that f{n) does not 
grow too quickly. This means that terms of the form (1 — p)" converge to 1, or at least to positive constants. 
But since the results of the lemma are clearly monotone in /(n), we can then remove the restriction that 

/(n) does not grow too quickly. 

Lemma 5.4. Let p = n /(n) and suppose f{n) — >■ 00. Then for any given plane P, P(-Bp) — >■ 1. 



Proof. Bp is the intersection of two independent events (referencing quadrant 2 and quadrants 3,4). We will 
show that the Q2 event occurs with probability going to 1. This clearly implies that the probability of the 
Q3 U Q4 event, and therefore of Bp, goes to 1 as well. Since 

~ 5Z ■'■Initial(QL2,>2l^) 

QL2CQ2 

is a binomial random variable with n/2 trials and > cn^^ f{n)~2— probability of success, its means approach 
00. Thus we may use Poisson approximation to conclude that the chance that X < T converges to 0. □ 

Now we calculate the probability of Ap. 
Lemma 5.5. Let p = n and suppose f{n) — > 00. Then for a given (length-n/2) line L, 

T+a ^ I -r . . , I ^ T + a 



Initial \ L,> 



2 

Proof. As long as f{n) does not grow too quickly, we have for some c > that 



Initial (L,>^)) > (^]p^{l-pr 



\ 2 



> c{np)~ 



_T + o T + a 

= cn ^-°/(n) 2 

T+Q 

Multiplying by n^-" completes the proof. □ 

Now we are finally ready to choose a. Let it be any integer satisfying 
(5.2) ~2a^~{d~2)a+{d-2)T>0 

Lemma 5.6. Let p = n^^^ ^-a /(n) where f{n) — 00. // fi5.^) is satisfied then P(ljp Ap) 1. 
Proof. Fix a plane P. Since 

$Z -'-Initial(Li(6)nQi,>3a^) 

n/2<6<3n/4 

is a binomial random variable with n/4 trials, by Lemma 15.51 we have 

HAp) > (^"^^) (c/(n)^n-^)" (1 - c/(n)^n-^)""" 
> c7(n)^"n"n-T*f " 
Therefore, Iap is a binomial random variable with means 

n'^-^P{Ap) > c'f{n)^'^n"n~T^°'n'^~^. 



The exponent of n is nonnegative because of (|5.2p Since f{n) 00, we can apply Poisson approximation to 
conclude 

f(^\JAp^^i. 

□ 

Theorem 5.7. Let p — n~^~T^f{n) and suppose f{n) — > 00. Then P (IJp Fp) — > 1. 

10 



Proof. Consider a family of n'^ ^ disjoint planes. Then the events {Ap} are independent of the events {Bp} 
as they depend on disjoint sets of vertices. 



'[jFp] = F([jFp [jAp)F([jA, 

VP/ \ P p / \ P 




□ 



6. Necessity for planes 



In the previous sections we have seen several ways for a vertex to become open. Among these are 

(1) u is initially open. 

(2) The neighborhood of v has at most T vertices initially open. In this case v becomes open by time 1. 
And finally 

(3) a line containing v has at least T{d~ i)/d vertices initially open. In this case v may become open 
by time 2. 

In this section we show that if p is sufficiently small then with high probability all of the vertices that are 
eventually open satisfy a condition like one of the three above. By doing this we prove a lower bound on the 
threshold function for a plane to become open. 

Let Plane Active be the event that some plane becomes open. Let A be some integer, 1 < A < T, which 
we will specify later. Let E be the event that there exists a vertex v such that: 

(1) w is initially not open, 

(2) the neighborhood of v has at most A vertices initially open, and 

(3) each line containing v has at most A/2 vertices initially open. 

(4) V becomes open. 

Our goal is to show that for a value of p (to be specified later) that P(Plane Active) is small. We do this by 
showing that both P(£') and P(Plane Active \ E) are small. 

For each vertex v, let £'-„ be the event that v satisfies (l)-(4), and of such vertices, v is among the first to 
become open. If the event E occurs then one such vertex must become open at least as soon as all others, 
so -E C UyEy, and by the union bound we have P{E) < n'^P{Ey). 

Lemma 6.1. Let p = f{n)n-''^-l^ with f{n) as n ^ oo, and P ^ + Then P(£') ^ as 

n — > oo. 

Proof. We observed above that V{E) < n'^P{Ey). Now if Ey occurs, by ^ at least T ~ A vertices in the 
neighborhood of v must be initially closed but become open strictly before v; therefore, they violate at least 
one of (l)-(4). But since they start closed and become open, they must violate one of (21) or ([31). By the 
pigeonhole principle, of the d lines through v, at least one must cither contain -^-j^ vertices which violate 
®' '^^ vertices which violate dJ). 

The next two lemmas will show that these each happen with probability that is 

o(n^(i-^4)). 

Rearranging the inequality /? > ( ^^^ + 1)-| we see that V{E^) = o(n'^) and 

F{E) < n'^F{Ey) ^ 0. 

□ 



Lemma 6.2. Let p = f{n)n ^ ^ with (3 > (^4^ + ^)-^- Fi^ o, line L. The probability that L has at least 

T-A 



2^ vertices violating (0i is 



a I n 
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Proof. If a given vertex violates ([5]), then its neighborhood excepting L must contain at least A/ 2 open 
vertices. These deleted neighborhoods are disjoint and the number of vertices that they have initially open 
are i.i.d. Bernoulli(((i— l){n—l),p) random variables. The chance that a given one is at least A/2 is bounded 

by c(np)'^/2 = o (n^*^^/^). Then, the probability that at least 2^ succeed is a (^(n^^^^/^)^^^^ □ 

Lemma 6.3. Let p = f(n)n^^^^ with /3 > ( + Fix a line L through v and suppose L has at most 

A/2 vertices initially open. The probability that L has at least vertices violating ^ is 

Proof. The probability that a given line has at least A/2 points initially open is bounded above by 

{A/2y^' - <^f^^)^'"^''^'" - « (^"'^^') ■ 

So of the n{d — 1) trials, the chance that at least succeed o ^(n^~'^'^/^)~2a~^ . □ 

Lemma 6.4. Let p — n^^^^ . If /3 > then P{Plane Active \ E) ^ as n ^ oo. 
Proof. There are (2)'^'*"^ planes and Plane Active = Up{P becomes open), so we have 

P(Plane Active \ E) < n'^"2p(Plane Activep \ E). 

Now if P becomes open but E does not occur, then since each point in P becomes open, they must all 
violate one of ([T]) , ([2]) , or (jS]). By the pigeonhole principle, at least of these points must together violate 
a single condition. We will check that the probability of these three cases each converge to (even when 
multiplied by the n''"^ mentioned above): 

• vertices are initially open 

The probability of this is bounded by 

(^f^^y'^'<2-\p'/Y=o{n''-'). 

• /3 vertices each are in a line with A/2 points initially open. 

This implies that there are at least n/6 parallel lines with at least A/2 points initially open. The 
probability of this is at most 



' " V-^/' < 2 • 2" f <2.2"n-"/6 = o(n 



d-2\ 



yu/Q) \\A/2 

• n^/3 vertices each have a neighborhood with A vertices initially open. 

If a vertex v' has at least A vertices in its neighborhood initially open then either one of the two 
lines through v' in P contain at least A/ 4, vertices initially open or the crosslines through v' (not in 
P) contain at least yl/2. This implies that there are at least n/12 parallel lines with at least A/ A 
vertices initially open or at least vertices with at least A/ 2 vertices in the cross lines out of P. 
The probability of the first is at most 

and the second has probability at most 



Thus P(Plane Active \ -B) ^ 0. □ 
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Proof of Theorem 12.31 To get the lower bound set A= [T — Vt\ in Lemma [Ol The lemma applies for 



/5 = 7F 



2 A(f + 2 



y y3/2 



To get the upper bound set a 



2 



in Theorem 15.71 Then we get for 



y y3/2 

the probability of finding a plane eventually open is approaching 1. □ 

References 

[1] Joan Adler and Uri Levi. Bootstrap percolation; visualizations and applications. Brazilian Journal of Physics, 33(3), 2003. 
[2] M. Aizenman and J. L. Lebowitz. Metastability effects in bootstrap percolation. J. Phys. A, 21(19):3801-3813, 1988. 
[3] Jozsef Balogh, Bela BoUobas, and Robert Morris. Bootstrap percolation in three dimensions. Ann. Probab., 37(4):1329— 
1380, 2009. 

[4] Jozsef Balogh, Hugo BoUobas, Bela amd Duminil-Copin, and Robert Morris. The sharp threshold for bootstrap percolation 

in all dimensions. arXiv: 1010.3326v2. 
[5] R. Cerf and F. Manzo. The threshold regime of finite volume bootstrap percolation. Stochastic Process. Appl, 101(l):69-82, 

2002. 

[6] Raphael Cerf and Emilio N. M. Cirillo. Finite size scaling in three-dimensional bootstrap percolation. Ann. Probab., 
27(4): 1837-1850, 1999. 

[7] J Chalupa, P L Leath, and G R Reich. Bootstrap percolation on a Bethe lattice. J. Phys. C, 12(1):L31-L35, 1979. 
[8] Alexander E. Holroyd. Sharp metastability threshold for two-dimensional bootstrap percolation. Probab. Theory Related 
Fields, 125(2):195-224, 2003. 

[9] Alexander E. Holroyd, Thomas M. Liggett, and Dan Romik. Integrals, partitions, and cellular automata. Trans. Amer. 
Math. Soc, 356(8) :3349-3368 (electronic), 2004. 
[10] Aernout C. D. van Enter. Proof of Straley's argument for bootstrap percolation. J. Statist. Phys., 48(3-4) :943-945, 1987. 



13 



